Solutions of the Dirac equation with spin and pseudospin symmetry for the scalar and vector trigonometric scarf potential in D-dimensions within the framework of an approximation scheme to the centrifugal barrier are obtained. The energy spectral and the two-component spinor eigenfunctions are obtained. The bound state energy levels for various values of dimension D, n, κ and the potential range parameter α are also presented.
Introduction
In other to investigate nuclear shell structure, the study of spin and pseudospin symmetric solutions of the Dirac equation has been an important area of research in nuclear physics.
The concept of spin and pseudospin symmetry with nuclear shell model has been used widely in explaining a number of phenomena in nuclear physics and related area.
Within the framework of the Dirac equation, the spin symmetry occurs when the difference of the potential between the repulsive Lorentz vector potential V(r) and attractive Lorentz scalar potential S(r) is a constant, that is, ∆(r) = V (r) − S(r) = constant.
However, pseudospin symmetry arises when sum of the potential of the repulsive Lorentz vector potential V(r) and attractive Lorentz scalar potential S(r) is a constant, that is, Σ(r) = V (r) + S(r) = constant [1, 2, 3, 4, 5, 6, 7] .
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The spin symmetry is relevant for meson [8] . The pseudospin symmetry has been used:
to study the structure of the deformed nuclei [9, 10] , to construct an effective shell model coupling scheme [11] and identical bands and triaxality observed in nuclei [12] .
Recently many researchers have applied spin and pseudospin symmetry conditions on numbers of potentials. These potentials include: Hulthèn potential [13, 14] , Eckart potential [17, 18, 15, 16] , Pöschl-teller potential [19, 20] , the Rosen-Morse potential [21, 22] , three parameter diatomic potential [19] , harmonic potential [23] , Pseudoharmonic potential [24] , Manning-Rosen potential [25] , Wood-Saxon potential [26] and kratzer potential with angle dependent potential [27] .
On the other hand, exact analytical solutions for ℓ = 0 states are not possible for some of these potentials due to the centrifugal term. An approximation to the (pseudo or) -centrifugal term has been used by many researchers to obtain the approximate analytical solutions [14, 15, 16, 28, 22, 29] . Several researchers have used various methods to solve spin and pseudopsin symmetry problems including the centrifugal approximation ranging from the Asymptotic Iteration method (AIM), the Nikiforov-Uvarov method (N-U), Supersymmetric and shape invariance method to functional analysis method. Due to its wider applications and simplicity , we are adopting the Nikiforov-Uvarov method [30, 31] .
This method find its usefullness in the study of relativistic and non-relativistic quantum mechanics, see Ikhdair et al. (2011) and the references therein [32] .
In this study, we are considering the Scarf potential [33] 
where V 0 is the depth of the Scarf potential and α is the range of the potential.
Futhermore, with interest in higher dimensional spaces, the multidimensional relativistic and non-relativistic equations have been investigated by many authors. This investigation have employed Isotropic harmonic oscillator plus inverse quadratic potential [34] , Pseudoharmonic potential [35] , Kratzer-Fues potential [36, 37] and hydrogen atom [38] (for comprehensive reviews on abtrary dimension, see Dong 2007) . In the present work, Section 2 contained a brief review of the Nikiforov-Uvarov (N-U) method. The Dirac equation in D-dimension is described in Section 3. Section 4 contains the bound state solutions of the Dirac equation with the trigonometric Scarf potential and conclusion is contained in Section 5.
The Nikiforov-Uvarov (N-U) Method
The N-U method is based on solving a second order linear differential equation by reducing it to a generalized equation of hypergeometric type [30, 31] . By introducing an appropriate coordinate transformation z = z(r), this equation can be re-written in the following form.
where σ(z) andσ(z) are polynomials, at most of second degree, andτ (z) is a first degree polynomial. Now, if one takes the following factorization
The equation (3) reduces to a hypergeometric type equation
where
The function π and the parameter λ require for this method are define as follows
and
In other to find the value of k, the expression under the square root must be a square of a polynomial. This gives the polynomial π(z) which is dependent on the transformation function z(r). Also the parameter λ defined in equation (7) takes the form
The polynomial solutions y n (z) are given by the Rodrigue relation
where N nr is the normalization constant and ρ(z) is the weight function satisfying
Second part of the wave function φ(z) can be obtained from the relation
The Dirac Equation in D-Dimensions
The D-dimension Dirac equation for a particle of mass M, with radially symmetric Lorentz vector V (r) and Lorentz scalar potential S(r) is given(in atomic unitsh = c = 1 [20, 40, 41, 42, 43] :
where M is the mass of the particle, V (r) and S(r) are spherically symmetric vector and scalar potentials, respectively, P is the momentum operator, {α i } andβ are Dirac matrices satisfying anti-commutation relations. 
where F nrκ (r) and G nrκ (r) are the radial wave functions of the upper-and the lower - . Substituting Equation (13) into Equation (12), the two coupled second-order differential equation for the upper and lower component spinors are obtained follows:
Substituting the expression of G nr,κ (r) obtained from equation (15) into equation (14), we have two second-order differential equations for the upper and lower component spinors as:
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and the sum of the potentials V (r) and S(r), respectively and κ = ± 2ℓ+D−1 2 [20, 40, 43] .
In the presence of the spin symmetry condition, that is, the difference potential ∆(r) =
Then, the lower component G nr,κ (r) of the Dirac spinor is obtained as
where E nr,κ + M = 0, only real positive energy state exist when C s = 0 [22, 26, 32] .
Again, under the pseudospin symmetry condition, that is, the sum potential Σ(r) = V (r) + S(r) = C ps constant or dΣ(r) dr = 0, then, equation (17) can be written as
where the upper component F nr,κ (r) is obtained as
where E nκ − Mc 2 = 0, only real negative energy state exist when C ps = 0 [22, 26, 32] .
These equations cannot be solved exactly due to centrifugal term, so, we used the following approximation 1
With this approximation, the second order differential equations in equation (18) and (20) can be solved approximately by using Nikiforov-Uvarov method. Under the condition of the spin symmetry, ∆(r) = V (r) − S(r) = C s , the vector and scalar trigonometric Scarf potential is considered [33] . Then,
where V o and S o are the depth of vector and scalar trigonometric Scarf potential, therefore,
Substituting equations (22) and (24) into equation (18), we have
In other to apply N-U method, we introduced a new variable
With equation (27) , equation (25) becomes
Substituting for σ(z),σ(z) andτ (z) in equation (6), we obtained function π(z) as
According to the Nikiforov-Uvarov method, the expression under the square root must be a square of a polynomial and therefore, the new π(z) function for each k is obtained as
where Λ = √ 1 + 4η.
For the polynomial τ (z) =τ (z) + 2π , with a negative derivative, we select
and when this is combined with λ = k + π ′ (z), gives
Now using equation (8), we obtained λ = −2n r + 2iεn r + Λn r + 2n r (n r − 1),
and on comparing equations (33) and (32), we obtained the energy equation as
Or more explicitly
where we have defined a principal quantum number as n−ℓ = 2n r +1, chosen k = l + Table 1 . below: From the Nikiforov-Uvarov method, the hypergeometric function y(z) depend on the determination of the weight function ρ(z) which is satisfied by the differential equation
by substituting ρ(z) into the Rodrigue relation (9) one gets
The solution of equation (37) may be expressed in terms of the Jacobi polynomials of the form [44] y nr = N nr P (iε,
and φ(z) is obtained as
therefore, the radial wavefunction of the upper component of the Dirac wavefunction F nr,k (z) can be written as
The corresponding lower -component spinor G nr,k (z) in equation (19) can be obtained by using the following relation [45] :
Using above equation (41), we obtained the lower component spinor G nr,k (z) from equation (19) as
where N nr is the normalization factor to be determined from normalization condition
This can further be written as
Two different forms of the Jacobi polynomials are [45, 44, 46] :
2 from equations (45) and (46) as
and putting equation (47) into equation (46), we have
Using the definition of hypergeometric function
we obtained N nr as
we have used c = iε, and d = 
Pseudopin symmetry solutions of the Dirac equation with the Trigonometry Scarf potential with arbitrary κ in D dimension
In the case of pseudospin symmetry, that is, the sum (r) = V (r) + S(r) = C ps , we have,
Substituting equations (22) and (52) into equation (20) , the following equation is ob-
where, we have used the following notations:
Using the same procedure (the N-U method)used in solving equation (25), the energy equation is obtained as follows:
where we have defined a principal quantum number as n−ℓ = 2n r +1, chosen k = l + Table 2 . below:
We can consequently obtain the wave function F nr,κ and G nr,κ , respectively as
The normalization constant C nr is obtained as
,
we have used c = iε p , and d = Λp 2
. 
For the spin and pseudospin symmetry conditions, the corresponding energy eigenvalues equation are obtained, respectively as,
PT Symmetric and q-deformed trigonometric Scarf potential
In equation (1), we have used a mapping r → r − 
